Abstract: Solutions of five-dimensional De Sitter supergravity admitting Killing spinors are considered, using spinorial geometry techniques. It is shown that the "null" solutions are defined in terms of a one parameter family of 3-dimensional constrained Einstein-Weyl spaces called Gauduchon-Tod structures. They admit a geodesic, expansion-free, twist-free and shear-free null vector field and therefore are a particular type of Kundt geometry. When the Gauduchon-Tod structure reduces to the 3-sphere, the null vector becomes recurrent, and therefore the holonomy is contained in Sim(3), the maximal proper subgroup of the Lorentz group SO(4, 1). For these geometries, all scalar invariants built from the curvature are constant. Explicit examples are discussed.
Introduction
Genuine supergravity theories can have a vanishing or a negative cosmological constant, but not a positive one [1, 2] . In the latter case one may, however, introduce the concept of "fake" supergravity as a solution generating technique [3] . Recently [4] we have initiated the programme of determining all solutions admitting (pseudo-)Killing spinors in De Sitter "supergravity" theories. In [4] the "timelike" case of minimal De Sitter supergravity in five dimensions was analysed. The resulting geometries are defined in terms of a four dimensional base space which is a hyper-Kähler manifold with torsion (HKT) and a set of constraint equations. Together with the minimal ungauged (i.e Minkowski) and gauged (i.e Anti-De-Sitter) supergravity theories in five dimensions, this result established that all (pseudo-)supersymmetric geometries of five dimensional minimal supergravities are defined in terms of four dimensional complex geometries, namely HKT, hyper-Kähler and Kähler manifolds [5] .
In this paper we shall analyse the null case of minimal De Sitter supergravity in five dimensions, using spinorial geometry techniques [6, 7, 8, 9, 10, 11, 12] . Our main result is the following: all solutions of the minimal five dimensional De Sitter supergravity theory admitting (pseudo)-Killing spinors from which a null vector field can be constructed fall into the following family of backgrounds:
where χ 2 /2 is the cosmological constant, GT is u-dependent Gauduchon-Tod space [30] , H, B and φ are, respectively, a function and two 1-forms on GT which may also depend on u (but not on v). The constraints on GT , B, φ and H are summarised in section 3.1.
Gauduchon-Tod spaces were initially discussed in the context of hyper-hermitian spaces admitting a tri-holomorphic Killing vector field. They are special types of Einstein-Weyl 3-spaces, obeying constraints. Curiously, these spaces play also a role in the timelike class of solutions in both D = 5 and in D = 4. Since GT spaces define a four dimensional HKT geometry, they were used in [4] to construct examples of timelike solutions of the D = 5 minimal De Sitter supergravity theory for which the base space is not conformally hyper-Kähler. In the D = 4 minimal De Sitter theory, the timelike solutions are defined by a base space which is GT [24] . But whereas the Ricci curvature of the Weyl connection is always non-flat in the solutions we describe in this paper, the D = 4 timelike solutions allow flat GT spaces.
As for the null supersymmetric solutions of the minimal five dimensional ungauged [13] and gauged [14] theories, the family of backgrounds (1.1) admits a geodesic, expansion-free, twist-free and shear-free null vector field N. In four dimensional General Relativity, such geometries are dubbed Kundt metrics [15] . In higher dimensions, these geometries have been considered in [17, 18, 19] . But N has distinct properties in the De Sitter theory, as compared with the Minkowski or AdS theories. In the Minkowski and AdS case, the null vector is always Killing; and for some special cases it becomes covariantly constant. Then the Kundt geometries become plane-fronted waves with parallel rays (pp-waves). This is not the case for the De Sitter theory. For the special case with B = 0, however, the null vector acquires an interesting property: it becomes recurrent, that is, it obeys These authors investigated if the exact symmetry group of nature could be isomorphic to a proper subgroup of the Poincaré group rather than the Poincaré group itself. The proper subgroup they considered was obtained by adjoining the maximal proper subgroup of the Lorentz group, Sim(2), with spacetime translations. The theory based on this symmetry group, VSR, actually implies Special Relativity if a discrete symmetry, namely CP, is also added. But since the latter is broken in nature, VSR is distinct from Special Relativity, albeit many sensitive searches for departures from Lorentz invariance will fail if VSR is the true symmetry of nature. In a subsequent development [21] , it was shown that General Very Special Relativity, i.e. a theory based on a symmetry group obtained by a continuous deformation of the Inhomogeneous Sim(2) group, ISim(2), is a Finslerian geometry, since the invariant line element, which is a homogeneous function of degree one in displacements, is not quadratic and it is anisotropic.
Perhaps partly motivated by the Cohen and Glashow proposal, studies of d dimensional Lorentzian geometries with Sim(d − 2) holonomy have been carried out recently [22] . The resulting geometries have interesting properties, such as the possibility of vanishing quantum corrections [23] . Possible connections to supersymmetry have also been hinted at [19] . Here, we show how these geometries indeed emerge in an explicit supersymmetry computation, a fact recently unveiled in a four dimensional example [24] (see also [25] ). This paper is organised as follows. In section 2 we describe the theory to be considered as well as some generalities of the spinorial geometry technique that shall be used. Section 3 gives the details of the calculations leading to the result (1.1). Properties of the resulting geometries are described in section 4, wherein a brief comparison with the null supersymmetric solutions of the minimal ungagued and gauged supergravities in five dimensions is also performed. We then focus on the special case with B = 0 in (1.1), which is the most general solution for which the null vector field N is recurrent, and discuss special properties of the curvature for this solutions. Examples with B = 0 and B = 0 are presented. Final remarks are given in section 5. Some other technical details of the computation are described in two appendices. A third appendix presents an introduction to Gauduchon-Tod spaces.
Minimal D = 5 De Sitter Supergravity
We begin with a brief review of N = 2, D = 5 minimal De Sitter supergravity. The fake gravitino Killing spinor equation for this theory is
where ǫ is a Dirac spinor. Here F = dA is the gauge field strength and χ is a non-zero real constant. The metric has vielbein e + , e − , e 1 , e1, e 2 , where e ± , e 2 are real, and e 1 , e1 are complex conjugate, and
2)
The Einstein and gauge field equations are expressed as
respectively, where
We should note that, unlike the timelike case, for these solutions one component of the Einstein equations must be imposed in addition to the Killing spinor and gauge equations (see [14, 4] for a more detailed discussion on this point).
For De Sitter supergravity in five-dimensions, one takes the space of Dirac spinors to be the space of complexified forms on R 2 , which are spanned over C by {1, e 1 , e 2 , e 12 } where e 12 = e 1 ∧ e 2 . The action of complexified γ-matrices on these spinors is given by γ j = i(e j ∧ +i e j ) , γ j+2 = −e j ∧ +i e j , (2.5) 6) and satisfies
In what follows we will restrict our attention to the constraints obtained from the Killing spinor equation (2.1) in the null case, i.e. when the vector field constructed from the Killing spinor is null. It will then be useful to adopt a null basis in the γ-matrices 
It therefore follows that if ǫ satisfies (2.1) then so does C * ǫ. Hence the solutions under consideration here preserve at least half of the (pseudo)-supersymmetry. 
Analysis of the Constraints
An analysis of the equations presented in Appendix A, yields the following relations between the gauge potential and the spin connection
1)
between the field strength and the spin connection
3)
and the following constraints on the spin connection
and
Thus, the gauge field one-form is given by 8) and the field strength 2-form is given by
These constraints are sufficient to imply that
for m = 1,1, 2, and where we have introduced a coordinate v such that
The non-zero components of these Lie derivatives can be eliminated by making use of the residual gauge freedom; those transformations which leave ǫ = 1 + e 1 invariant. The details are presented in Appendix B. We therefore set, without loss of generality, A + = 0, and
with
Collecting these results we can write the exterior derivatives of the vielbein as
(3.14)
As e − is hypersurface orthogonal, it is natural to define a coordinate u such that
where f ∈ R is v-independent. We can set f = 1 by making a combined R×Spin(4, 1) transformation of the form e −h e hΓ +− for h ∈ R, with ∂ + h = 0. This transformation leaves 1 + e 1 invariant, and also preserves the gauge A + = 0. With this choice e − is closed, and therefore 20) for α = 1,1. Further progress can be made by examining the consistency conditions, F = dA; from the (dA) +− component we find
and 22) from the (dA) +1 , (dA) +1 , and (dA) +2 components respectively. Next, notice that
together with (3.12) imply
We can make explicit the v-dependance of A and e + using the relations above
25)
where B, α are v-independent. F then takes the form 27) or equivalently
Having introduced the co-ordinates u, v, three remaining real co-ordinates x m (m = 1, 2, 3) can be introduced such that
Here we have removed any du terms from e 1 , e 2 by making use of a gauge transformation of the form (B.3). We also eliminate B u with a shift in v and a subsequent redefinition of α.
Next consider the constraints (3.6) and (3.7); these are equivalent tõ 30) whered denotes the restriction of the exterior derivative to hypersurfaces of constant v, u. This implies that the 1-parameter family of 3-manifolds GT with metric
admits a real basis E i for i = 1, 2, 3 such that 32) where ⋆ 3 denotes the Hodge dual on GT , with volume form ǫ 3 = ie 112 . It follows that GT admits a Gauduchon-Tod structure [30] (see appendix C for a discussion of these structures). Note in particular that (3.32) implies
from which we obtaind
To proceed further, compare the expression (3.27) for F to (3.9) , to obtain
where
for m = 1,1, 2.
In order to investigate the constraints (3.35), it will be useful to write
where φ = φ m dx m , and also denote the Lie derivative with respect to ∂/∂u aṡ B = L ∂/∂u B. Then (3.35) is equivalent to
It is straightforward, but tedious, to show that these constraints, together with their associated integrability conditions, are sufficient to imply that the gauge field equations hold with no further constraint. Finally, we consider the Einstein equations. Pseudo-supersymmetry implies that all components of the Einstein equations hold automatically, with the exception of the −− component, which must be computed explicitly. From this component, we find the following condition on the function H:
where 3 denotes the Laplacian on GT .
Summary
To summarise, all null solutions of minimal five dimensional De Sitter supergravity are constructed as follows:
where the frames obey (3.32). E i and B, in general, depend on u.
ii) Choose a 1-form on GT , φ, possibly u dependent, obeying (3.38).
iii) Choose a function on GT , H, possibly u dependent, obeying (3.39).
iv) The solution is then given by (1.1). Note that E i , B, φ and H do not depend on the spacetime coordinate v.
Properties of the solution and special cases
The general solution (1.1) is a Kundt geometry. To see this consider the null vector field N = ∂/∂v. It is straightforward to check that the null congruence with tangent vector N is geodesic (N µ ∇ µ N ν = 0), hypersurface orthogonal (N ∧dN = 0, where N is the 1-form dual to the null vector field), expansion free (∇ µ N µ = 0) and shear free (since it is expansion free and ∇ (µ N ν) ∇ µ N ν = 0). It follows that the geometry is of (higher dimensional generalisation of) Kundt type (see [27] for a thorough discussion of the four dimensional Kundt geometries). It is a special case of the general form presented in [18] for higher dimensional Kundt geometries (see eq. (77) therein). A distinct feature of the general solution (1.1) when compared to the other null solutions of minimal supergravity theories in D = 5 is that N is not a Killing vector field. In both the ungauged [13] and gauged [14] minimal five dimensional supergravity theories, the general null solution can be written as
In the ungauged case,
in the gauged case,
in both cases the metric functions H, F and vector a (with components a i ) depend on (u, x), but not on v. The same is true for the function S, which appears in the gauged case. In either case a (different) set of constraints has to be obeyed in order to have a susy solution of the theory.
The null vector field N = ∂/∂v is therefore Killing and obeys
Generically, the solutions may be characterised as plane-fronted waves, i.e they possess a geodesic, expansion-free, twist-free and shear-free null vector field N. If H depends solely on u, N becomes covariantly constant and the solutions become planefronted waves with parallel rays (pp-waves). Another (related) distinction between the null solutions presented here and those of the ungauged and gauged theories is that, for the latter, the null vector is never recurrent. The null vector field N is recurrent if (1.2) holds. But the Killing character of N prevents this possibility. In the De Sitter case, however, the possibility of recurrence arises. A simple calculation shows that this requires g ui,v = 0. Therefore N is recurrent iff B = 0.
A different way of reaching the same conclusion comes about by realising that the vector-field N can be constructed as the vector-bilinear of the Killing spinors (see e.g. ref. [13] ). This identification allows us to derive the constraint
which implies that N is recurrent iff F satisfies the radiation condition N ∧ F = 0. Combining this with eqs. (3.28) and (3.33), then implies that the holonomy of the solution is Sim whenever B = 0.
The general solution with B = 0 can also be given a Sim-holonomy structure: rewrite eq. (4.5) by introducing a torsionful connection D such that 6) so that N is recurrent w.r.t. the connection D. As the torsion is totally antisymmetric, whence the connection is metric, the arguments of ref. [22] can be straightforwardly generalised to see that the holonomy of D is contained in Sim(3). We shall focus on the B = 0 case due to its special properties.
B = 0
For B = 0, the general solution (1.1) reduces to
where GT is the round S 3 with Ricci scalar R 3 = 9χ 2 /8, H is a harmonic function on GT which may also depend on u (but not on v) and φ is a u-dependent 1-form on GT (which does not depend on v) satisfyinĝ
d denotes the exterior derivative restricted to hypersurfaces of constant u, and ⋆ 3 denotes the Hodge dual on GT . This family of backgrounds has Sim holonomy and constant scalar curvature invariants, as we shall now describe.
Sim holonomy
If B = 0, N is a recurrent null vector field; in particular we find that
The recurrence relation (4.9) is enough to show that it has holonomy Sim(3) [22] . The Similitude group Sim(n − 2) is an (n 2 − 3n + 4)/2-dimensional subgroup of the Lorentz group SO(n − 1, 1), which is isomorphic to the Euclidean group E(n − 2) augmented by homotheties (or similarity transformations; hence its name). The Sim group leaves invariant a null direction. Since this is the maximal proper sub-group of the Lorentz group, it is the largest holonomy group one can have for geometries with reduced holonomy. Supersymmetric geometries are expected to have reduced holonomy groups, since there are (super-)covariantly constant spinors. In the De Sitter case we are indeed finding the minimal possible (yet non-trivial) holonomy reduction. In the Minkowski and AdS theories, on the other hand, the holonomy reduction can be larger; for a generic Brinkmann wave the holonomy is just E(n−2). For more details about the Sim groups and geometries with Sim holonomies see [22] .
Curvature and Scalar Curvature Invariants
Let us consider the structure of the Riemann tensor. A computation shows that
where 12) and (R 0 ) µνλτ u denotes the Riemann tensor of g 0 , i.e. dS 2 × S 3 which is obtained by setting φ = 0, H = 0 in the above solution. Note in particular that
From (4.10) it follows straighforwardly that
noting that the inverse metric g µν has g uu = 0 it follows that
which is expected for Kundt geometries [27] . From the expression of the Ricci tensor it follows that
where R 0 is the Ricci scalar of g 0 . The middle equality follows from an analysis of the non-trivial components of g µν and (R 0 ) µνλτ u . The latter is the direct sum of the curvature tensors for dS 2 and for the 3-sphere; the full inverse metric and the one for g 0 obey 17) where x i are the coordinates on S 3 . Actually, the geometry (4.7) has an interesting property which generalises (4.16): all scalar invariants constructed solely from the Riemann curvature and the metric (i.e. without covariant derivatives) are constant and equal to the analogous scalar invariant for g 0 . If we denote such scalar invariant, of degree p, by S (p) , then the statement is:
Let us prove this. Consider any scalar invariant of degree p. Note that from inspection of (4.10), and using (4.13), it follows that such a scalar invariant can be written schematically as 19) where c p−k is of degree k in θ, ψ. The proof follows in three steps:
i) First note that c 0 = 0; this follows directly from (4.13).
ii) Secondly, note that for 1 ≤ k < p, c p−k (R 0 ) p−k must vanish. This is because if there is any contraction of N with R 0 , the only corresponding component of R 0 entering into such a contraction is (R 0 ) uvuv (corresponding to the dS 2 Riemann tensor). Observe that in the dS 2 Riemann tensor, there is a pairing between u and v indices; the N contraction eliminates one of the v indices, leaving one unpaired u index; this must contract with a tensor containing one free contravariant u index. Such an object cannot be constructed from θ or ψ because θ iii) Finally, having eliminated these terms, it follows that the curvature invariant is constructed entirely from R 0 , but with indices raised using the metric given in (4.7). However, (4.17) shows that the φ and H terms in this metric do not give any contribution to this expression; the only components of the inverse metric entering into S (p) are g uv , and g ij which are identical to the corresponding inverse metric components in dS 2 × S 3 (i.e. there is no dependence on H or φ in these components). Hence the curvature invariant corresponds to a scalar curvature invariant of dS 2 × S 3 which is constant, since it is a direct product of constant curvature spaces.
The solution (4.7) seems to have further interesting properties concerning scalar invariants that contain covariant derivatives. Indeed, computing some examples appears to indicate that they all vanish. It appears, therefore, to be a five dimensional example of the four dimensional I-symmetric spacetimes studied in [16] . 3 The reader interested in spacetimes with vanishing or constant scalar invariants is referred to [23] and references therein.
Special Cases
It has already been observed that, when B = 0, φ = 0, H = 0, the geometry is just dS 2 × S 3 . In four dimensional General Relativity, the direct product of a two dimensional De Sitter space and a two dimensional sphere, together with a flux proportional to the volume form of either the De Sitter space or the sphere, is a very simple solution to Einstein-Maxwell theory with a positive cosmological constant, called the Nariai solution [28] . It is straightforward to generalise this solution to higher dimensional Einstein-Maxwell-Λ theory [29] . Since for this solution the ChernSimons term is irrelevant, it also arises in the minimal De Sitter supergravity we are considering herein.
Solutions with φ = 0, H = 0 correspond to plane fronted gravitational waves (rather than pp-waves, since the null vector is not covariantly constant) propagating on dS 2 × S 3 . In order to construct examples of solutions with φ = 0, it is convenient to write the metric on GT as
where σ i L are the standard left invariant 1-forms on SU (2) satisfying
then a solution to (4.8) is obtained by setting
where ξ i depend only on u. This gives rise to a squashing of the five dimensional Nariai solution, on top of which plane fronted gravitational waves may propagate, if we take a non trivial H.
An example with B = 0
An example with B = 0 can be constructed by taking the Gauduchon-Tod space to be the Berger sphere. As observed in [30, prop. 6] , the Berger sphere is the only compact GT-space that is not an Einstein space and has non-vanishing Weyl-scalar;
4
Using the explicit GT-structure of the Berger sphere, eqs. (C.11) given in appendix C, we find a solution, which is another squashing of the Nariai cosmos. Explicitly the solution reads
For µ = 0 we recover the Nariai solution of section 4.1.3. 4 The Weyl scalar is constrained, by pseudo supersymmetry, to be W = −9χ 2 /8, which is nonvanishing.
Final Remarks
In this paper the most general null solution of D = 5 minimal De Sitter supergravity admitting (pseudo-)Killing spinors was computed. The solutions we found preserve at least half of the (pseudo)-Killing spinors and can be described as a particular type of (higher dimensional generalisation of) Kundt geometry. Unlike the null solutions of minimal ungauged and gauged supergravity, the null vector N, which is geodesic, twist-free, shear-free and expansion-free is not Killing. This is analogous to what happens in the timelike case. The timelike vector field built from Killing spinors is Killing in the ungauged and gauged supergravity theories but not in the De Sitter theory [4] .
The null vector N can, however, have a special property: it may become recurrent. This means that the reduction of the holonomy group of the geometries is minimal. The geometries then have Sim(3) holonomy, the maximal proper sub-group of the five dimensional Lorentz group. The results of [24, 25] show that the null solutions of D = 4 minimal De Sitter supergravity admitting (pseudo-)Killing spinors have holonomy Sim(2). It would be interesting to know if (pseudo-)supersymmetric null solutions in De Sitter supergravity in all dimensions admit, at least for a subset of the solutions, Sim holonomy.
In ref. [22] , Gibbons and Pope showed that the dimensional reduction of a space of Sim holonomy along a spacelike direction in the lightcone gives rise to timedependent Kaluza-Klein black holes. The general solution found here can, as well, be dimensionally reduced to four dimensions, leading to backgrounds that fit naturally in the general class of solutions found in refs. [24, 25] . As ref. [22] focusses on spaces with Sim holonomy, the dimensionally reduced solutions miss the characteristic timedependence associated to a non-vanishing B. Thus, the dimensional reduction of the Kundt metrics found here leads to time-dependent KK black-holes with a more general time dependence than the ones considered in [22] .
A. The Linear System
The gravitino equation acting on ǫ in the + direction gives
In the 1 direction
In the 2 direction
B. Spin(4, 1) Gauge Transformations
The most general Spin(4, 1) gauge transformation preserving the Killing spinor ǫ = 1 + e 1 is generated by
which satisfy
The induced effect of the gauge transformation e xT 1 +yT 2 +zT 3 (for x, y, z ∈ R) on the vielbein is given by
where here the Latin index m = 1,1, 2, and
Such transformations will leave the metric invariant, and can be used to set
which can be locally made to vanish for a suitable choice of σ. Further simplification can be made by considering the combined R × Spin(4, 1) gauge transformation e −h e hΓ +− for h ∈ R, which also leaves the Killing spinor ǫ = 1 + e 1 invariant. Under this transformation, the gauge potential transforms as 
where ∇ g is the Levi-Cività connection for the chosen g ∈ [g]. We define the curvature of this connection through
, using which we define the associated Ricci curvature as W ab ≡ W acb c . The Ricci tensor is not symmetric and we have
The Weyl-scalar is defined as W ≡ W a a , which explicitly reads
The 1-form θ acts as gauge field gauging an R-symmetry, which is the reason why we have a conformal class of metrics on M; in fact under a transformation g → e 2w g we have that θ → θ + dw and W → e −2w W, whereas W abc d and W ab are conformally invariant.
A Weyl manifold is said to be Einstein-Weyl if the curvatures satisfy
A metric g in the conformal class [g] is said to be standard or Gauduchon if it is such that d ⋆ θ = 0 or equivalently ∇ a θ a = 0 , (C.7)
where the ⋆ is taken w.r.t. the chosen metric g. Gauduchon [31] proved the existence of a standard metric compact EW manifold, and Tod [32] proved that on compact EW manifolds this implies that θ ♭ is a Killing vector of the standard metric g. In ref. [30] , Gauduchon & Tod studied the structure of 4-dimensional hyperHermitian Riemannian spaces admitting a tri-holomorphic Killing vector, i.e. Killing vectors that are compatible with the 3 complex structures on the hyperHermitian space. A result of that study is that the 3-dimensional base-space is determined by a Dreibein, or orthonormal frame, E
x , a 1-form θ and a real function κ that must satisfy
where ⋆ is to be taken w.r.t. the Riemannian metric constructed out of the Dreibein. The underlying geometry imposed by the above equation is that of a specific type of 3-dimensional EW-spaces, called hyperCR or Gauduchon-Tod spaces. 5 The extra restriction to be imposed on the EW-space, which are equivalent to imposing (C.8), are Comparing this last expression to the ones obtained in the main text, we see that κ = − √ 3χ/2 and θ = χB (note also that the operator ⋆ corresponds to −⋆ 3 in the main text).
The standard example [30] which is a squashed S 3 or an SU(2) group manifold with a U(1)-invariant metric. One can easily see that the metric is Gauduchon-Tod with κ = cos µ: this means that in order to use it in the 5-dimensional solutions it needs to be rescaled by a constant.
Another class of GT-spaces, albeit not in the Gauduchon-gauge, was found by Calderbank and Tod [33] and reads where h is an arbitrary holomorphic function h = h(z). As κ is not constant, we must rescale the metric in order to use it to construct a 5-dimensional solution. Observe that the choice h = −h results in the 3-sphere and that the choice h =h leads to the flat metric on R 3 with κ = 0 and cannot be used to generate 5-dimensional solutions.
